Abstract. The problem is to determine when a smooth, &-dimensional distribution Dk defined on an «-manifold M" , locally admits a vector field basis which generates a nilpotent, solvable or even finite-dimensional Lie algebra. We show that for every 2 < k < n -1 there exists a (nonregular at p € M") distribution Dk on M" which does not locally (near p) admit a vector field basis generating a solvable Lie algebra. From classical results on the equivalence problem, it is shown that for 1 < k < 4 and Dk regular at p 6 Af4 , Dk admits a local vector field basis generating a nilpotent Lie algebra.
Introduction
Let x -y D (x) be a real analytic, /c-distribution defined on a nbd, U(p), of a point p on the real analytic, «-dimensional manifold M" . For {A1, ... , A*} a local vector field basis of Dk let L = L(A',... ,Xk) denote the Lie algebra these vector fields generate. The problem considered is to determine when a distribution D admits a basis generating a nilpotent, solvable, or finitedimensional Lie algebra (hereafter termed a nilpotent, solvable, or finite basis for D ). The main result, Theorem 3, leads to the fact that for every 2 < k < n -1 there exists a /c-distribution D on M" which does not admit (locally) a solvable basis. k k Let D , E be «-distributions defined, respectively, on «-manifolds M, k k N. Classically, D (p) is equivalent to E (q) if there is a local diffeomorphism 4> : M -► N, defined on a nbd U(p) C M, such that <p(p) = q and <j)t(x)Dk(x) = Ek(cp(x)) for x e U(p). We shall say Dk(p) is self-equivalent to D (q) if there exists a diffeomorphism cp, defined on a nbd. U(p), with 4>(p) = q and 4>,(x)Dk(x) = Dk(4>(x)) for x € U(p). In [1] , it was shown that if D admits a local nilpotent basis near p , then every nbd of p contains a point q ^ p such that D (p) and D (q) are self-equivalent. In this case certain diffeomorphism invariants of distributions led to obstructions to the existence of local nilpotent bases. In the solvable case, self-equivalence no longer need hold. We next describe, briefly, the procedure used to produce obstructions to the existence of a solvable basis.
For a Lie algebra L of vector fields on an «-manifold M" with tangent space at x denoted TM" , let L(p) = {X(p) e TM"p : X e L} and Lp denote the isotropy algebra at p, i.e. L = {X e L : X(p) = 0}. Then L is locally transitive at p if dim L(p) = «. For D a local /^-distribution on M its 7th derived distribution is denoted D J and defined as follows. Choose any local basis {A1, ... ,Xk} for Dk . Then DkJ(x) is the span of all products of /'-tuples of elements from {A1, ... , A } , evaluated at x , with i < j + I. This is a basis free notion. Note that D ' = D while for j > 1, D ,J may be a singular distribution, i.e. dimD J(x) need not be constant in a nbd of p . The integers dim/) J(x) are, however, diffeomorphism invariants,
In the case of a locally transitive, solvable, algebra L, we first show (Theorem 2) that every nbd of p contains a point q ^ p such that the isotropy subalgebras L , L are isomorphic and this isomorphism extends to an automorphsim 7 of L. By a theorem of Nagano-Sussmann, [2, 3] , here stated as Theorem 1, this implies that Dk(p) and (lDk)(q) = span{(lXl)(q), ... ,(lXk)(q)} are equivalent. Theorem 3 then shows that for q sufficiently near p the dimensions of the y'th derived distributions of D and ID are the same at q for all 7 = 1,2,....
Thus if D has a local solvable basis every nbd of p contains a point q / p such that dim/) J(p) = dim/) J(q), i = 1,2, ... . Example 1 constructs a D such that dim/) '2(x) > dimD '2(p) for all x ¿ p in some nbd of p . Such a D cannot admit a solvable basis. (One should note, however, that this behavior does not provide an obstruction to the existence of a basis generating a finite-dimensional algebra; see [4, Example 3] . This implies that the problem of finite-dimensional bases for D is distinct from the equivalence problem.) The third section of this paper shows the extent to which classical results on the equivalence probelm can be utilized in the Lie algebra basis problem.
The motivation for this problem came from the study of control systems, on (1) is greatly simplified. Indeed, see [5] , [6, §3] , in this case the solutions for specific control choices, can be written as the compositions of flows corresponding to the vector fields in a properly chosen, ordered basis, for the algebra ¿(A1, ... ,Xk). A final application is to the area of partial differential operators of the form Tw -23,=i(A') w where w : R" -* R1 . The operator T is hypoelliptic (at p) if dimL(A', ... ,Xk)(p) = « . The fundamental singularity of the parametric for the problem Tw = f depends on D (x) = span{A*(.x), ... ,A (x)} and not on the specific basis chosen. The study of such a parametric involves an analysis of the shape of "geodesic balls" for a system such as (0.1 ) with control bounds \Uj\ < 1. In control language, this is the shape of the attainable set at time / = 1. A detailed analysis can be found in [7] .
Thourghout this paper we work in the real analytic category. For A a vector field on M the notation (expsX)(p) will denote the solution, at time s, of x = X(x), x(0) =p. § 1. The Theorem of Nagano-Sussmann
The papers [2, 3] study the equivalence question for Lie algebras of vector fields. Specifically, given transitive Lie algebras L, L' on manifolds M, M', respectively, and a Lie algebra isomorphism 7 : L -► L1, when is 7 induced by a diffeomorphism? The local version of the main theorm in [3] may be stated as follows.
Theorem (Sussman [3] ). Let L, l! be Lie algebras of real analytic vector fields on the real analytic, n-dimensional manifolds M, M1, respectively, and p e M, q e M' such that dimL(p) = dimL'(^) = «. If there is a Lie algebra isomorphism I '. L -* l! which extends to an isomorphism 7 : L -> L , then there exist neighborhoods, U(p) and U'(q) and an analytic diffeomorphism cp : U(p) -* U'(q) with cf>(p) = q and <f>t(x)X(x) = (ÍX)((f>(x)) for all XeL, x e U(p). 
where use was made of (2.2) in the last equality. But (exp-5Fr)" is a vector space isomorphism and (exp-sYr)tYr((expsYr)(p)) = Yr(p) hence it follows from (i) that X((expsYr)(p)) = sXr(X)Yr((expsYr)(p)). G Next, let \s\ > 0 be small and q = (exp5F )(p). Define a map (2.5) l:La^L, l(X) = X -sX(X)Y. In [1, Example 1.1], for every 2 < k < n -1 such a D was constructed hence one has Corollary 2. For every 2 < k < n -1 there exists a k-distribution D , defined on R" which does not admit a solvable basis in any nbd of zero. 2 3 For completeness, we illustrate this via the construction of a D on R which admits no solvable basis in any nbd of zero. The equivalence problem for (locally defined) /c-distributions on M" may be viewed as their classification up to local diffeomorphisms. This problem was studied in the dual setting by Cartan [9] , Goursat [10] , Darboux, Von Webber, etc. Given D (x) = spanfA1^), ... ,X (x)} defined in a nbd U of p e M" let cox, ... , con_k be linearly independent one-forms on M" such that (cot(x),XJ(x)) = 0, i = 1, ... ,« -k, j = 1, ... ,k, for x e U. Then the module In_k generated by cox, ... , con_k over the ring of smooth, real valued, n k functions on M is called the dual pfaffian system to D . For example, if k = « -1, Ix is generated by a single one form co. The rank of co at x is one-half the rank of the (« -1) x (« -1) skew symmetric matrix S(x) = ((co(x),[Xl ,XJ](x))). If co has constant rank in a nbd of p, Dabroux's theorem gives a canonical form for co relative to a specific choice of local coordinates. This, in turn, allows one to make an obvious choice of a dual vector field basis for D"~ such that the elements of this basis generate a nilpotent Lie algebra. (See [1] .) Thus although the Lie algebra structure of a vector field basis is independent of the local coordinates used to represent the basis elements, and although the equivalence classification does not take into account any specific bases, the classical results can give positive information concerning the existence of bases generating nice Lie algebras.
The classification of low dimensional pfaffian systems in the classical work of Cartan, Darboux, etc. was based on invariants, e.g. the rank co(x) in the Darboux theorem, which were required to be locally constant. These invariants can be interpreted in the dual, or distribution, setting; our next task. is involutive. Again, the D denote derived distributions. The invariants used by Cartan, Dabroux, etc. to classify pfaffian systems can be defined in terms of dimD J(x), dimC(D 'j)(x) and hence to use the classical results, these dimensions should be locally constant. With this in mind we define D on M" to be regular at p e M" if for each 7 > 0, dimD J(x), dim C(D J)(x) are constant in a nbd of p. One should remark that this is a slightly stronger notion of k i regular than that used by Hermann in [13] . Indeed, in [13] , only dimD 'J(x) locally constant was required while the invariants C(D 'J)(x) were given an interesting characterization via integrability tensors.
For illustration, if D"~' on R" is regular at zero in the above sense and co is a nonzero, dual, one form then (see [11, Theorem 1]) we have 2(rankco(x)) = («-l)-dimC(D"-1)(;c).
Thus D"_1 regular implies ranke^x) is locally constant and the Darboux theorem applies. It is worth noting that the dimensions of Cauchy subdistributions are computable via linear algebra, see [11] . From [10, §75] , the dual pfaffian system I2 to D may be taken to have generators cox,co2 which in preferred local coordinates take one of the following forms:
(A) cox = -v3 dyx + dy2, co2 = -y4 dyx + dy3, (B) cox = dyx, co2 = -y4 dy2 + dy3, (C) cox = dyx , co2 = dy2. For each case we choose a specific basis for the dual distribution D , i.e. respectively: brackets vanish. Here dimD2' (x) = 3 and D2 is involutive. Thus D2 can be considered as a two distribution on the three-dimensional leaves of D2 and the Darboux theorem can be used. Finally, in case (A'), dimD, ' (x) = 3, dimD2'2(x) = 4 which is sometimes called the Goursat-Von Weber case (see [12, Theorem 4.4] ). In every case, the bases chosen generate a nilpotent Lie algebra. □ Notice that the counterexamples to the existence of a nilpotent basis in [ 1 ] and to a solvable basis in §2, here, depended on D being not regular.
S
The case of D on M . The equivalence problem for two-and three-dimensional pfaffian systems in five variables was extensively studied by Cartan [9] ; the results are also given by Goursat [10] . Dual to a three-dimensional pfaffian system on M is a two-dimensional distribution which we will next analyze in detail. Similar results could be obtained for D on M5. We will use invariants of the distribution D ; Cartan and Goursat use invariants of the dual pfaffian system In_k, mainly the class of In_k which is dim C(D ). This invariant may also be defined via short exact sequences associated with I k , see [14] .
Let D be a two distribution defined in a nbd of 0 e R5 ; be regular at zero and have dual pfaffian system denoted I3, with class 7, = 5 (i.e., dim C(D )(x) = 0 in a nbd of zero which is the generic case). Then if D2(x) = span{A'(x),A2(x)} we know [A1,A2] é D2 i.e., dimD2,1(x) = 3. 1 1 Dual to D ' is the first derived pfaffian system which will necessarily be generated by two independent one forms. Here I3 has either a basis cox = dyx, co2 = y4dy2 -dy3, co3 = y5dy2 -dy4 and D2 has {A1 = d/dy5, X2 = d/dy2 + y4d/dy3 + y5d/dy4} as a nilpotent basis or 73 has basis cox = -y3 dyx + dy2, co2 = -y4dyx +dy2, co3 = -y5dyx + dy4 and D2 has {A1 = d/dy5, X2 = d/dyx + y3d/dy2 + y4d/dy3 + y5d/dy4} as a nilpotent basis.
Case (E). (See [10, p. 320] .) In this case 73 was called normal; it is the generic case and I3 has a basis of the form cox = -y3dyx + dy2, co2 = -fdyxy5dy3 + dy4, co3 = (df/dy5)dyx + dy3 where / = f(yx, ... ,y5) may be arbitrary except for d2f(0)/dy2 ^ 0. Here D2 has, as a canonical basis:
It is easy to see that one can choose functions /, with d2f(0)/dy2 ^ 0, in (3.1) such that the Lie algebra generated by A1 ,A is infinite dimensional. This does not mean, for such an /, that a change of basis could not yield a new basis generating a finite Lie algebra, i.e. the Lie algebra basis problem becomes distinct from the equivalence problem.
